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Abstract: In some scientific fields, a scaling is able to modify the topology of an 
observed object. Our goal in the present work is to introduce a new formalism adapted 
to the mathematical representation of this kind of phenomenon. To this end, we 
introduce a new metric structure - the galactic spaces - which depends on an ordered 
field extension of R. Moreover, some natural transformations of the category of galactic 
spaces, the contractions, are of particular interest: they generalize usual homotheties, 
they have a ratio which may be an infinitesimal, they are able to modify the topology 
and they satisfy a nice composition rule. With the help of nonstandard extensions we 
can associate to any metric space an infinite family of galactic spaces; lastly, we study 
some limit properties of this family. 
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1 Introduction: scaling and topology 

It is well known that the notion of scale is fundamental in empirical sciences: 
the properties of an object generally depend on a given scale and a change of 
scale (a scaling) may deeply modify some of these properties. In some fields like 
Image Processing, Geographical Information Systems and Spatial Analysis, one 
of the major effects of a scaling is a possible modification of the topology. An 
elementary example: a city A which is inside a geographical area B at some scale 
may be located on the boundary of B when considered at a smaller scale. A 
general question is to be able to take into account these topological deformation 
phenomena [lOl [HI [19]. For instance, it is a real problem to identify a given 
object represented at different scales. Let us notice that the scalings for which 
we hope a determinist law are the contractions, i.e. the scalings which decrease 
the scale (and the size of the objects). 

The mathematical transformation naturally related to a scaling is the notion of 
homothety (for instance in an affine space). But an homothety is an homeo- 
morphism; thus, it leaves invariant the topology. On the basis of this observa- 
tion, many experts in Geographical Information Systems and Spatial Analysis 
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concluded that a scaling is a natural transformation which cannot be exactly 
represented by a mathematical transformation. Although this opinion is the 
expression of a real difficulty, it underestimates the modeling capacity of math- 
ematics. 

In order to progress in our analysis, we must introduce a general mathematical 
framework adapted to this kind of problem. For that purpose, we consider the 
class £ of all metric spaces. Given a real number A > 0, the homothety of ratio A 
is the quit trivial transformation operating on S which maps each metric space 
E := {E,d) to the new one \E := {E,Xd). We notice that we have the nice 
composition property X{^E) ~ {Xfi)E and more generally, that the homotheties 
result from the left action(A,i?) i-^ \E of the multiplicative group R'^ on £. 
Nevertheless, since the distance d and Ad define the same topology on the set 
E, we find again the invariance property of topology by an homothety. Thus, it 
is still true that an homothety is not a good representative of a scaHng. 

On the other side, we can also agree that an empirical scaHng is much more that 
a simple change of size. In reality, a concrete scaling seems to be the union of 
two distinct but dependent processes: (1) an homothety which changes, possibly 
very strongly, the size of any object, (2) a simplification which allows to neglect 
too small details. In order to build a convenient mathematical concept of scal- 
ing, we have to translate simultaneously these two processes in an appropriate 
mathematical notion. Actually, a major work was already done on this topic. 
It is about the limit of a sequence (XnE) in £ for the Gromov-Hausdorff dis- 
tance where E is a given metric space and (A„) is a sequence in E!J. such that 
A„ ^ 0. Introduced by Gromov in his study on group of polynomial growth in 
1981 [SlinilT], this concept collects the two main aspects of a concrete scaling: 
the sequence (A„) corresponds to the strong homothety (actually a strong con- 
traction) and the limit corresponds to the simplification process. Nevertheless, 
it is not easy to handle with this kind of limit because there are few general 
results of convergence for a sequence of the type (A„i?). In 1984 [lH|, Van den 
Dries and Wilkie defined a non standard alternative: the asymptotic cone of a 
metric space E relative to a center xq in a nonstandard extension *E of E and 
for a similitude ratio A which is now an infinitesimal hyperreal number. The 
main advantage of this construction is that its existence is certain, whatever be 
E, A and xq; its strongest disadvantage is its transcendent character due to its 
dependance to a non trivial ultrafilter. Since their introduction, these concepts 
have been the subject of many deep and interesting works at the border of group 
theory, topology and logic (for instance [U [3l [HI 12). Nevertheless, we notice 
that, in the framework of this two approaches, it is difficult to formulate and 
give a simple meaning to a composition rule of two scaling. 

Our study is not strictly in the field of the preceding works on asymptotic cones. 
Indeed, our main goal is to bring a positive answer to the following question. 
Is it possible to generalize the notion of homothety so as to get a class S of 
transformations operating on a class Q of spaces with the properties set out 
below? 

1. Each space G £ Q is provided with a kind of metric structure which is a 
generalization of the structure of a metric space. 

2. Each transformation s ^ S modify (possibly very strongly) the size of any 
object and the strength of this modification is measured by a ration Xg . 
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3. The underlying topological structure is possibly altered by such operations. 
4- For each s, s' G S, there is the nice composition rule Xsos' — ^s-^s'- 

The base of the present work is the observation that the construction of a non- 
standard asymptotic cone actually produces an intermediary space which carries 
a more general metric structure than the structure of metric space. We call this 
new structure a galactic space. A remarkable feature is that the notion of galac- 
tic space is not strictly dependent of the nonstandard framework: to define it, 
we only need an ordered field extension of M. Moreover, some natural trans- 
formations of the category of galactic spaces, the contractions, are of particular 
interest: they generalize usual homotheties but they have a ratio which may be 
an infinitesimal, they carry out a simplification process and they satisfy a nice 
composition rule. Thus, at the level of galactic spaces, the contractions seem to 
be good representatives of scalings. 

It seems probable that partially similar structures have already been used in 
other contexts. For instance, this is the case for the basic notion of distance 
taking its values in a ordered quotient group. It is only at the time he was finish- 
ing the final bibliography of this paper that the author found in p3] the notion 
of ultracone which is almost an example of the general structure of galactic 
space. 

2 Infinitesimals in an extension field of M 

2.1 In all this study, we consider a proper ordered field extension K of the field 
K of real numbers. Thus, K is an ordered field, E C K and the restriction to M 
of the ordered field structure of K is the usual ordered field structure or R. 

We may think to some algebraic examples such as the field M(X) of rational 
fractions 



both provided with the order relation for which < X < 1/n for all n E N* . 

Another intersting example arises from nonstandard analysis: a field *R or 
hyperreal numbers T^. The simplest way to construct a field of hyperreal 
numbers is to take an ultra-power of M. To this end, we choose a non principal 
ultrafilter U on the set N of natural numbers (0 included) . That means that U 
is a family of subsets of N such that 




or the field of Laurent power series 




or the field of Puiseux series with real coefficients 



R[[X^]] ■= (J R((Xi/")) 
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1. U ^<D and<D ^U, 

2. V(C/, V) G V{N) {U €U andU CV =^ V eU), 

3. y{u,v) & u unV€U, 

4. VF e P(N) (F finite =^ F ^U). 

Then, we consider the set M'^ of sequences of real numbers and the equivalence 
relation on such that iUn) if and only if {n e N ; x„ = y„} € U. 

The set *M of hyperreal numbers is the quotient set MJ^/ ^u- It is easy to check 
directly (whithout using any special logical tool) that *M is an ordered field for 
the natural operations and the order relation 



where [(a;^)]^^ and [(yn)]t< are the equivalence classes of the sequences (x„) 
and {y-n)- The map * : M — > *]R such that the image of any a; e M is the 
equivalence class of the sequence of constant value x is clearly a field morphism 
which preserves order relations. Thus, *M is an ordered field extension of M. 
Moreover, the class of the sequence (0, 1, 2, . . . , n, . . .) does not belong to the 
image of R in *K. Consequently, this extension is proper. 

Now, we consider the general case of a proper ordered extension K or R. Let s 
an element of K; then s is infinitely small and we write s ~ if |s| < ^ for each 
n G N*; s is infinitely large if n < \s\ for each n G N (we write s ~ +oo if s > 
and s ~ — oc if s < 0); s is limited if it is not infinitely large. We see that the 
inverse of an infinitely large element is an infinitely small element. 

Proposition 1. InK, there are infinitely large elements and non null infinitely 
small elements. Moreover, for each s € K which is not infinitely large, there 
exists one and only one °s G M such that s ~ °s. 

Proof. Let s S K \ R. If s is infinitely large, the first point is proven. If not, 
we are under the assumptions of the second point. Then, we consider the cut 
(/, S) of M defined by / = {x G K ; x < s} and 5 = {x G M ; x > s}. This 
cut defines one and only one real number °s such that °s = sup / and °s = hdS. 
Then it is necessary that s ~ °s and we see that s — "s is infinitely small and 
different from 0. □ 

2.2 The halo of is the set Hal(O) whose elements are the infinitely small 
elements of K. It is an additive subgroup of K to which is associated the 
proximity relation ~ defined by 



The halo of any x G K is the equivalence class Hal(x) of x for ~, that is to say 
Hal(x) = X + Hal(O). The quotient group Hal(K) K/Hal(0) is the set of all 
Hal(x) for X G K and the map Hal : x Hal(x) is the canonical projection of 
K on Hal(K). 

The galaxy of is the set Gal(O) whose elements are the limited elements of K. 

It is clear that Hal(O) C Gal(O) and that Gal(O) is also an additive subgroup of 
K. From the preceding proposition, we deduce that Gal(0)/Hal(0) is isomorphic 




V(s, i) G (s ~ i ^s-tG Hal(O)) 
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to M and Gal(O) is equal to the disjoint union Hal(a;). Moreover, there exists 

a:GR 

a principal value map pv : K ^ R U {+00, —00} such that 

( "s if s e Gal(O) (where °s £ M and °s ~ s) 
Vs e IK pv(s) = < +00 if s ~ +00 
y —00 if s ~ —00 

so that s ~ pv(s) for every s e IK. If IK is a field of nonstandard hyperreal 
numbers *M, the map pv is usually called the standard part map and denoted 
St. Due to the fact that the sum of two infinitesimals is an infinitesimal, we see 
that pv(s + t) = pv(s) + pv(i) for every t, s G IK such that s, t 9^ ±00. 

Let us consider the quotient group Gal(K) :— K/Gal(0) and the canonical pro- 
jection Gal : IK Gal(K). For each f e K, the equivalence class Gal(i) = 
t + Gal(O) is called the galaxie of t. 

There is a natural total order relation < on Gal(K) defined by 

V(s, t) e [Gal(s) < Gal(0 ^ {s < t ot s - t e Gal(O))] 
Moreover, this relation is compatible with the additive structure of Gal(K) 
V(s,t) e [(0 < Gal(s) and < Gal(i)) =^ < Gal(s) + Gal(t)] 

These properties mean that Gal(IK) is an ordered additive group. 

The terms of halo and galaxy are already used in some development of nonstan- 
dard analysis; in this case, they denotes two important classes of external sets 
[UITT]. Our study is not directly in connection with these specific properties. 
In addition, it is probable there are similar concepts in other contexts using 
non-archimedean extensions. 



3 Galactic space 

Given any ordered additive group G, we denote by G+ and the following 
sets G+ = {x e G ; a; > 0} and G!i_ = {x G G ; x > 0}. The symbol +00 is 
supposed such that, for any x G G,we have x < +00 and a;-f (+00) = +00 + x = 
+00. Given a map d defined on a product X x X and taking its values in G+ 
or G+ U {-l-oo}, we say that d satisfies the general metric rule if , for every 
x,y,z e X 

1. d{x, x) ~ 

2. d{x, y) = d{y, x) > for x ^ y 

3. d{x, z) < d{x, y) -f d(y, z) 

Hence, a metric space is a structure {X, d) such that X is a set and d is a a map 
d : X x X ^ R+ which satisfies the general metric rule (i.e. d is a distance on 
X). 

Definition 1. Given a set F, a map S : F x F ^ IR+ U {+00} which satisfies 
the general metric rule is called a generalized distance on F. 
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If ^ is a generalized distance on F, for each {x, r) G F x (M_|_ U {+00}), we can 
define the open ball of center x and radius r 



The open balls of radius +00 are also the equivalence class for the relation 
S{x,y) < +00. Each large open ball is clearly a metric space for 5 and is called 
a metric component of F for S. Let A4f he the set of all metric components of 
F for 6 and, for each x G F, let Cf{x) the element E £ A4f such that x & E. 

If 5 is a generalized distance on a set F, then the family of open balls is a 
basis of a topology on F. Furthermore, F is the disjoint union of its metric 
components and each metric component is an open set of F. Reciprocally, if 
{Ei,Si)i^i is a family of disjoints metric spaces, then {Ei)i^i is the family of 
metric components of F = (Jie/ for the generahzed distance 5 defined by 



Consequently, a set provided with a generahzed distance is just the disjoint 
union of a family of metric spaces. We want to improve this concept by the 
consideration of a kind of metric on the set of metric components. 

Let K be a fixed ordered extension field of M. Therefore, we have the ordered 
group Gal(K) whose elements are the galaxies of K. 

Definition 2. A galactic distance on a set £ is a map A : £ x £ ^ Gal(K) 
which satisfies the general metric rule. 

If A is a galactic distance on a set £, there is a well defined topology on £ so 
that the family of open balls is a basis of this topology. 

Definition 3. A galactic space is a structure (F, S, A) in which F is a set, S 
is a generalized distance on F and A is a galactic distance on the set Adp of 
metric components of F for S. 

With the aim of simplifying the notations, we can also say that F is a galactic 
space without mentioning S and A. In some way, a galactic space is a set with 
two levels of resolution: a fine resolution given by the generalized distance which 
relates the topological relations between points inside each metric component, 
a coarse resolution given by the galactic distance which relates the topological 
relations between the metric components. In spite of the chosen terminology, 
the reader must avoid to think that the structure of galactic space may have 
any apphcation in the science of universe. 

Definition 4. An isometry between two galactic spaces {F, S, A) and {F', S' , A') 
is a bijective map (p : F F' such that 



Bs{x,r) = {y&F ; 6{x,y) < r} 




1. Vix,y)GF^ S'Wx),<f>{y))=5ix,y) 

2. y{G,H) 6 Mj, A'{<P{G),^{H)) = A{G,H) 
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(It is clear that, if 4> is bijective and satisfies the point (1.), then, for each metric 
component G of F for S , the set 4>{G) is a metric component of F' for S'.) 

Example 1 A metric space {E, d) is a particular case of galactic space, that is 
to say the galactic space {E, d, D) where D is the trivial galactic distance on the 
set {E}. This trivial example shows that the notion of galactic space is really a 
generalization of that of metric space. 

Example 2 Let {Ei, di) and {E2, 1^2 ) two metric spaces such that i?i n £2 = 0- 
We choose a galaxy Ai_2 G Gal(K) which is not trivial (Ai^2 7^ G Gal(]K)). 
Then, it is easy to verify that there is a galactic space {E, d, D) such that 

^ E ~ E\ U E2 5 

r di{x,y) if {x,y) G 

• d{x,y)=l d2ix,y) if(a;,y)e^2^ ; 

[ +00 else 

• the metric components of E for d are Ei and E2 and £>(Si, £'2) = Ai^2- 

Example 3 Let (G, d) be a K-metric space: that means that G is a set and d is 
a map from G x G to K+ which satisfies the general metric rule. The simplest 
example of a K-metric space is G = K and d{x, y) ^ \x — y\ for each {x, y) £ K^. 
Another example is G = *-E and d = *d where {E, d) is a metric space, {*E, *d) 
is a nonstandard extension of {E, d) and K = 

Then, we consider the equivalence relation « on G defined by 

V(x, y) e G^ {x!vy^ d{x, y) - 0) 

and the quotient set F = G/ «. For every x G G, we denote [x] the equivalence 
class of X for «. On F we have a generalized distance S defined by 

V(x,2/)€G2 S{[x],[y]) = Md{x,y)) 

Finally, we define a galactic distance A on the set Adp of metric components of 
F for S such that 

y{x,y) e G^ A{CF{x),CF{y)) = Gal(d(a;,y)) 

where Gir(f) denotes the metric component oft G F. Then {F, 6, A) is a galactic 
space. We say that {F, 5, A) is the galactic projection of the K-metric space 
{G,d). 

The following result shows that the preceding example is universal. 
Theorem 1. Every galactic space is the galactic projection of a M^-metric space. 

Proof. We consider a galactic space (F, S, A) and let A4f be the set of metric 
components of this space. For each {Ei,Ej) S Mp such that Ei ^ Ej, we 
choose an element dij in the galaxy A{Ei,Ej) in such a way that dij = dji. 
Thus, we have dij ~ +00 in K and Gal{dij) = A{Ei,Ej). In the same way. 
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we choose an element Xi in each metric component Ei. Then, we define a map 
d: F'^ such that, for each {x,y) e 

d(T 1,^ = / < 

\ d{x, Xi) + dij + 5{xj,y) if 3{Ei, Ej) € Mj, Ei ^ Ej {x, y) G Ei x 

We see at once that d is sj^mmetrical. Since d{x, y) ~ +00 for every {x, y) G 
Ei X Ej such that Ei ^ Ej , we have 

V(x, y) e ^2 y) = Q^x = y) 

It remains to prove the triangular inequality d{x, z) < d{x, y) + d{y, z) for each 
{x,y,z) dans F^. If x,y,z belong to the same metric component, there is no 
problem. Thus, we have to consider four cases. 

Case 1: x G Ei and y,z G Ej with Ei ^ Ej in Mf- 

Then, d{x, z) = 5{x,Xi) + dij + 5(xj , 2), y) = 5{x,Xi) + + S{xj,y) and 
d{y,z) = 5{y,z). Hence, the result come from S{xj,z) < 6{xj),y) + S{y,z). 

Case 2: x,y G Ei and z € Ej with ^ -Bj in A^^?. 

Then, d{x,z) = 6{x, Xi) + dij + 6{xj , z) , d{x,y) = S{x,y) and d{y,z) = S{y,Xi) + 
dij + S{xj, z). Hence, the result comes from 5{x, Xi) < 5{x, y) + (5(y, Xi). 

Case 3: x,z E Ei and y G Ej with Ei ^ Ej in Mp. 

Then, d{x, z) = 5{x, z), d{x, y) = 6{x, Xi) +dij +6{xj, y) and d{y, z) = S{y, Xj) + 
dji + 6{xi,z). Since 5{x,z) G d{x,y) ~ +00 and d{y,z) ~ +00, we get the 
result. 

Case 4- X G Ei, y G Ej and z G E^ with Ei ^ Ej, Ei ^ Ek and Ej ^ E^ in 
Mf. 

Then, d{x, z) = 5{x,Xi) + dik + 5{xk,z), d{x,y) ^ 5{x,Xi) + d^j + S{xj,y) and 
d{y,z) = S{y,xj) + djk + S{xk..z). Since A{E„ Ek) < ^{E^,Ej) + A{Ej,Ek) 
in Gal(K) = K/Gal(0), we have Vik < rij + rj^k for every rik G A{Ei,Ek), 
Tij G A{Ei,Ej) and rjk G A{Ej,Ek). Hence, the result comes from d{x,z) G 
A{Ei,Ek), d{x,y) G A{Ei,Ej) and d{y,z) G A{Ej,Ek). 

Now, we know that {F, d) is a K-metric space. It is easy to check that the 
galactic projection of {F,d) is isomorphic to {F,6,A). 

□ 

From the preceding result, we could hastily conclude that the study of galactic 
spaces may be advantageously replaced by the study of K-metric spaces. On the 
contrary, we think that galactic spaces are interesting because they have a rich 
metric structure which is a suitable framework for scaling. In the next section, 
we will introduce a notion of contraction which naturally operates on the class 
of galactic spaces. 

Example 4 Let us call galactic continuous line the galactic space Dc,k which 
is the galactic projection of K view as a K-metric space. Thus, the set Dc,k is 
equal to Hal(K) = K/Hal(0), the generahzed distance is given by 



V(x, y)GK S{Ea\{x), Hal(y)) = vp(|a; - y\), 
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for each a; S K the metric component of Hal(a;) is G{x) := {Hal{y) ; y G Gal(a;)}, 
the set of metric components is the, quotient group of Hal(K) by the subgroup 
Gal(0)/Hal(0) (quotient which is canonically isomorphic to Gal(K)) and the 
galactic distance is given by 



Since the principal value map is bijective if considered as a map from Gal(O) /Hal(O) 
to M and since G{x) = Hal(a;) + G(0), we see that each metric component of 
Dc.K is a metric space isometric to R and -Dc,k is the disjoint union of a family 

(Kc)c6Gal(K) of COpicS of M. 

In the same way, we define a galactic discrete line -Dd,K to be the disjoint union 
of a family (Zc)ceGai(K) where each Zc is a copy of the set Z of integers. On 
Dd,K, we consider a generahzed distance 6 such that 



The metric components of -Dd.K for S are the sets Zc for C € Gal(K) and the 
galactic distance is simply defined by 



The discrete galactic line is the galactic space {04^^,6, A). 

4 Contraction of a galactic space 

4.1 Before going further, we need some considerations on the multiphcation of 
a galaxy by a number. Let 7 G be a limited number, r G Gal(K) and t G K 
such that r = Gal(t). As usual, we define the set j.t = {7s ; s G r} so that 
7.T = 7t + 7Gal(0). 

Thus, 7.r = Gal(7t) if 7 is appreciable and 7.T C Hal(7t) C Gal(7t) if 7 ~ 0. 
Then, we define 7 • r in Gal(K) by 7 • r := Gal{-yt); hence, we always have 

7.T C 7 • T. 

Moreover, if r G Gal(lK)!j_, the principal value map is constant on the set 7.r and 
this constant value is named pv(7.T). Indeed, such a r can be written Gal(i) 
for some t G ]K_|_ such that t ~ +00; therefore every element of 7.T is infinitely 
large if 7 9^ and 7.T C B.al{jt) if 7 ~ 0. 

4.2 Let (F, (5, A) and {F',6',A') be two galactic spaces and let / be a map 
F — > F'. We suppose that / satisfies a Lipschitz condition for {d,S'), that is to 
say, there is a limited element 7 > of K such that 



When one of its members is +00, this inequality must be interpreted according 
to the following usual rule: Va G K a < +00 and a(+oo) = +00, . If / 
satisfies such a condition, then 



V(x, y) G A{G{x), G{y)) = Gal(|x - y\). 




\x - y\ if 3C G Gal(K) such that (a;, y) G C^ 



00 else 



VC, C" G Gal(IK) A(Zc,Zc') = |C-C"|. 



V(a;i,a;2) G F^ S'{f{xi)J{x2)) < -/5{xuX2) 



^Xi,X2)€F^ {5{Xi,X2) < +00 =^ 5'{f{Xi)J{X2)) <+oo) 
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Thus, for every metric component E of F for S, the direct image f{E) is a 
subset of a metric component of F' for S' which we denote f[E]. Hence, we get 
a map between the sets of metric components 

/ : Mf — >■ Mf' 

E ^ m 

Definition 5. Given two galactic spaces {F,S,A) and {F' , 6' , A') , a morphism 
from {F,S,A) to {F',S',A') is a map f : F ^ F' such that there is a limited 
element 7 > m K so that the following Lipschitz conditions are satisfied 

1. V(a;i,a;2) G F^ S'{f{xi),f{x2)) < ^S{xi,X2); 

2. y{EuE2) e {Mf)^ A'(/(^i), f{E2)) < 7 • A{E,,E2); 

The element 7 is called the Lipschitz constant of f. An isomorphism from 

(F,5,A) to {F\S',A') is a morphism f : {F,S,A) {F',5',A') such that 
f : F ^ F' is bijective and f^^ is a morphism from {F' , 6' , A') to (F, i5, A). 

We remark that if / : (-F, 5, A) (F',(5', A') is an isomorphism, then f[E] = 
f{E) for each E G Mf- An isometry is a particular case of isomorphism between 
two galactic spaces. 

Hence, we have defined a category whose objects are the galactic spaces 
provided with the morphisms defined just above. There is a class of morphisms 
which is particularly interesting for the study of scalings. 

Definition 6. Given a limited element 7 > m K, a 7-contraction of {F, S, A) 
is a morphism of galactic spaces f : (F, 5, A) {F',S',A') such that f is a 
surjective map from F to F' and, \/{x\,X2) G F"^ \/{Ei,E2) € M.\ 

yCfC^ ^ \\- I Pv(7^(a;i,a;2)) ifS{xi,X2) < +00 

d[j[xi),S[X2))-y p^^^_a{Cf{x,),Cf{x2))) if 5{x,,X2)= +00 

A'{f[Ei],f[E2])=j»A{Ei,E2) 
The element 7 is called the coefficient of the contraction f. 

We also say that a galactic space {F',d',A') is a 7-contraction of {F,d,A) if 
there exists a morphism / : {F,S,A) — > {F',S',A') which is a 7-contraction. 
We notice that a 1-contraction is an isometry. It is easy to check that, if a 
surjective map f : F ^ F' satisfies the two last conditions of the preceding 
definition, then / is necessary a morphism from {F,6,A) to {F' ,S' , A'). We 
point out that the coefficient 7 of a contraction may be greater that 1, but not 
to much. 

4.3 Let us consider the first properties of contractions. 

Proposition 2. Let us consider a limited element 7 > in IK and a 7- 

contraction f^ : (F, S, A) (F^, S^, A^). 

1. If J ^ 0, then the map f^ : F ^ F^ is a bijection and, for every x,y G F 

5i(.fi{x)-, fi{y)) = pv{-f) S{x,y) 
A^{CF,{f^{x)\ CF,{f,{y))) = 7 • A{CF{x),CF{y)) 
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2. If^ 0, then the map is a surjective map such that, for every u € F, we 
have f~'^(f^{u)) = {v & F ; j.A{Cf{u),Cf{v)) C Hal(O)}; furthermore, 
for every x,y G F 

SM^)J-riy)) = Pv{iMCf{x). Cp{y))) 
{Cf^ (/^ (x) ) , Cf, (/^ (y))) = 7 • A(C^ (x) , Cf (y) ) 

Proof. Straightforward. □ 

Theorem 2. Let {F,S,A) be a galactic space and a limited element 7 > in 
K. Then, there is a ^-contraction fj : {F, 6, A) — > {F~^, 6j, Aj) of (F, S, A). 

Proof. Let us consider the equivalence relation ~-y on F such that, for all (a;, y) € 
F^ 

7 S{x, y) ~ if 5{x, y) < +00 

-t.A{CF{x)),CF{y)) C Hal(O) ii5{x,y)=+<x 

Let F^i be the quotient set F/ and f., : F ^ Fj be the canonical projection. 
Then, we define a map : Fj x F^ ^ M. so that, for all {x, y) £ F'^ 



7 



y 



Sj{fi{x),fi{y)) 



pv{j6{x,y)) if (5(x,2/) < +00 

pv(7.A(CF(x),Cf(j/))) if (5(a;,2/) =+00 



which is clearly a generalized distance on F^. In a similar way, we define a 
galactic distance A^ on the set Ai f^ of metric components of Fj for 5^ such 
that 

y{x,y) e F^ A^iCF,{f.yix)),CFMiiy))) = 'y^iCFi^)'CF{y)) 

Then f-y : {F, 6, A) —>■ {Fj, Sj, Aj) is clearly a 7-contraction of {F, 5, A). □ 

This proof shows that, given a galactic space F and 7, the construction of a 
7-contraction of F is obtained by a relatively explicit procedure of quotient. 



4.4 Example: contraction of the continuous and the discret galactic lines. Given 
the continuous galactic line -Dc.k = (Hal(lK), ^, A) and an infinitesimal 7 such 
that < 7, we want to construct a 7-contraction of Dc,k- To this end, wc 
consider the additive subgroup 7"^.Hal(0) := {'y~^x ; x £ Hal(O)} of K, 
the quotient group 7~^-Hal(lK) := lK/7~^.Hal(0) whose elements are the sets 
7"^-Hal(.x) := .x + 7-^Hal(0) for x eK. On 7-^-Hal(lK), we define the gener- 
alized distance S' by 

Vx, y e K <5'(7-i-Hal(x), 7-i-Hal(2/)) = pv(7|x -y\). 

Each metric component is of the form 7^^-Gal(x) := x + 7^"^.Gal(0) for x G 
K and the set of metric components is the quotient group 7^^-Gal(K) := 
K/7~^.Gal(0). Then, we consider the galactic distance A' defined on 7~^-Gal(K) 

by 

yx,yeK A'{-j-^-Gal{x),j-^-Gal{y)) = Gal(7|a; - y\). 
Hence, the map 

/' : Hal(K) — >■ 7^i-Hal(IK) 
Hal(a;) 1 — > 7-i-Hal(x) 
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is clearly a 7-contraction of -Dc,k- Since /' is not injective (for instance /'(O) = 
/'(I)), this map is not an isometry. Nevertheless, the map 

Hal(]K) — > 7-i-Hal(K) 
Hal(x) I — > 7-^-Hal(7a;) 

is an isometry of the galactic space -Dc.k to its 7-contraction. Thus, a 7- 
contraction of a continuous galactic line is isometric to itself. 

Let us now consider the case of the discrete galactic line D^^k ■ To this end, for 
each C G Gal(lK) we arbitrarily choose an element xc G C and we define the 
map /" : Dd,K 7^^-Hal(IK) such that, for each x € -Dd,K, we have f"{x) = 
7~-^-Hal(a;c) where x G Zc- Then, it is clear that /" is a 7-contraction from 
(£>d,K, ^, A) to (7~-^-Hal(]K), 5' , A'). Since this last galactic space is isometric to 
-Dc,K, we see that for 7 ~ 0, a ^-scaling of the discrete galactic line is isometric 
to the continuous galactic line. 

4.5 Now, we want to understand the relations between the different contractions 

of a given galactic space. 

Proposition 3. We consider two limited elements a,/3 G K such that < 
(3 < a and two morphisms of galactic spaces fa ■ (F, S, A) — > {Fa , S a 5 Aq) 

and fp : {F,6,A) {Fp, 5p, Ap) defined on the same space such that fa is 
an a-contraction and fp is a (3 -contraction. Then, there is an unique map 
fp,a '■ Fa ^ Ffj such that fis = f/j^a ° fct- Moreover, f/s^a is a P/ a-contraction 

{Fa,6a,Aa)^ {F0,5p,Ap). 

We say that fp^a is the transition between the two contractions {Fa,5a,Aa) 
and {Fi3,5i3,Ap) of {F,5,A). 

Proof. For ah {xi,X2) e F, \i 5a{fa{x\), fa{x2)) = then (5/3(//3(a;i), //3(a;2)) = 
0; since /,,: is surjective, we deduce that there exists an unique map fp^a '■ Fa 
Ffj such that fp = fp,a°fa- It is easy to check that fp^a is a fi/a contraction. □ 

Corollary 1. For each limited element 7 > m K, two j- contractions of a 
same galactic space are isometric. 

If a galactic space (Fq, Sq, Aq) is such that the Fq has only one element, then Sq 
and Ao are trivial and we say that {Fo,So,Ao) is a trivial galactic space. We 
notice that, for each galactic space (F, S, A), there is an unique morphism from 
(F, (5, A) to (Fo,(5o,Ao). The next result shows that the limit when 7 ^ of 
the 7-contractions of a galactic space is a trivial galactic space. 

Proposition 4. Let us consider a galactic space (F, 6, A) and a family of galac- 
tic spaces {(F.y, A-y)}o<-y<i such that, for each < 7 < 1 m K, (F^.. S^, A-^) 
is a ^-contraction of (F S, A). For every a, G such that < /3 < a < 1, let 
fp.a ie the transition between the two contractions {Fa, Sa, A^) and (F^, (5/3, A^) 
of {F.S.A). Then, in the category Qk, the family {fp,a}o<i3<a<i has a direct 
limit which is a trivial galactic space. 

Proof. From the preceding proposition, we know that the product of two transi- 
tions is a transition. Now, we choose a trivial galactic space (Fq, 60, Aq) and for 
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each < 7 < 1 in K, let /c-y : {F^, 6-y, A^) — > (Fq, Sq, Aq) be a trivial morphism. 
Then, for any a, /3 € K such that < /S < a < 1, we have /o,a = /o,/3 o //3,cf 

Now, we consider a galactic space (G, d, D) and we suppose that, for each a e K 
such that < a < 1 and for each a-contraction {Fa,da, ^a) of (F, 5, A), we 
have a morphism ga '■ {Fa, Sa, A^) (G. d, D) such that ga = gi3°fi3,a for every 
element /3 of K such that < /3 < a and for every /3-contraction (FJg, 5/3, A^) of 
(F, (5, A) with transition f/s^a- Given two points xi and X2 in Fa we can find a 
sufficiently small /3o < a such that 5p{ffj^a{xi), fp,a{x2)) = for every (3 < (3o- 
Hence, we see that there is a single element yn & G such that ga{Fa) = {uo} 
for each a. Consequently, the constant map go ■ Fq ^ G with value yo is the 
unique morphism such that ga = do ° fo,a for each a. □ 

4.6 In the following result, for each galactic space (F, S, A), the set F is provided 
with the topology defined by the generalized distance 6 and the set A1_f of its 
metric components is provided with the topology defined by the galactic distance 
A. 

Proposition 5. Let us consider a limited element 7 > in K and a 7- 

contraction f-y : (F, S, A) (F-y, 6j, A^). 

1. The maps fry-.F^F^ and /-y : Mp ~> jMk, (ire continuous. 

2. If ^ 0, fry and fry avc homeomorphisms. 

3. If ^ — 0, then for every z S F^, fry~^{{z}) is an open set of F. 

4. If J c:^ and if we can find rj € K.'^ such that ~ and 7/7; ~ 0, then, 
for every Z G Adpy the set f~^{{Z}) is an open set of Aip- 

Proof. 1. Let V be an open set of F-y and z e {f--i)^^{y)- Let z' <E V such 
that fr^{z) = z' and r G such that the open ball -6,5, [z' ,r) is a subset of F. 
Then, from the condition 7 < 1 we deduce that Bs{z.r) C {fr.^)^^{Bs^{z' ,r)). 
Hence, the set fry~^{V) is an open set of Fy. Thus fry is continuous. A similar 
argument shows that is also continuous. 

2. We suppose that 7 9^ 0. Then, we know that fry is invertible and, for every 
x',y' eFry 

5{f-\x'),f-\y')) = pv(7)-^(5^(:c',y') 
I^{Cp{f-Hx')),Cp{f-Hy')))=^-'.l^,{Cp^{x'),Cp^{y')) 

From this, wc deduce that f~^ and {f-y)^"^ arc continuous. 

3. We suppose now that 7 ~ 0. Given z' e F^, we consider any z e F such 
that f-iiz) = z'. Let E E Mp such that z G E and let t an arbitrary point of 
E. Since 6{z,t) is limited we see that Sy,{fry{z), fry{t)) = 0. Thus E C f~'^{{z'}) 
and since F is a neighborhood of z in F, we get that f^^i{z'})) is open. 

4. We suppose that 7 ~ and that we can find r] € such that ~ and 
7/7/ ~ . We consider Z G Mp.^ and let F e AIf such that fy{E) = Z. 
Then, p = Gal(r7~^) is strictly greater than := Gal(O) in the ordered group 
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Gal(IK). We consider an element H of the 'open ball' B/\{E,p) of AAp- Thus, 
A{E,H) < p ; consequently, H e f:^^{{Z} since Aj{fy{E), J^{H)) = because 
7 • A{E, H) <-fp = Gal(7/77) = Gal(O) = . Hence, BAiE, p) c f-^{{Z}) 
and this last set is open. □ 

If 7 ~ 0, we notice that the property 

3?] e K'i_ tel que ry ~ et 7/77 ~ 

is not satisfied in every ordered field extension of R: for instance, if we choose 
7 := X, we cannot find such a 77 in the field or rational functions R(X) or in 
the field or Laurent series In the field K[[X''2]] of Puiseux series or in a 

field *]R of hyperreal numbers, this property is true for every 7 ~ 0. 



5 Nonstandard scaling of a metric space 

In all this section, we consider a metric space (X, d). We need some nonstandard 
extensions of R, X and d. To this end, we can use the method of ultra-powers 
as in section 2. More generally [Hllll], we can consider a superstructure V{S) 
over a set S such that (X U R) C S' and a nonstandard model of V{S) 

V{S) V{*S) 

y I — > *Y 

with a large enough saturation property (our study does not require any partic- 
ular refinement in the choice of the nonstandard model) . Equivalently, we can 
used the axiomatic approach of Hrbacek [9]. Notice that Nelson's internal set 
theory 1ST [T5j is not adapted to this work since it does not allow a convenient 
treatment of external sets. 

Then we get at the same time the nonstandard extensions *M or R, *X of X 
and *d : *X x *X *]R+ of d provided by the given nonstandard model. 

5.1 Each element of the multiplicative group {7 £ *R ; < 7} of 

strictly positive hyperreal numbers is called a scale. 

Given a scale a G *R^, we define the equivalence relation ~a on *X defined by 

V(a;,?/)e*X^ (a: ~Q ?/ a *d(a;, y) ~ 0) 
Then, we introduce the quotient set Xa = * X / ~q and the canonical projection 

tTq, : *X — > Xa 

X I > TTaix) 

where Tra{x) denotes the equivalence class of a; G *X, i.e the set of y G *X such 
that X ~c y. 

Associated to the hyper-distance *d, there is a natural map 

da ■■ Xa^ Xa > R+ U { + 0o} 
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such that, if ^ = TTaix) and r] = Waiy), then 5a{^,r]) = st{a*d{x,y)). 

It is clear that Sa is a generaUzed distance on Xa. Let Ala be the set of metric 
components of Xa for 5a- Thus each E e A4a is of the following form 

E = Cone(X, XE,a) := {x e *X ; a *d{x, Xe) 9^ +00} / 

where a;^; is any point in *X such that TTa{xE) G E. When a ~ 0, the set 
Cone(X, xb, a) is exactly the so-called asymptotic cone of {X,d) with respect 
to Xe and a. 

We recall that Gal is the canonical projection *M Gal(*M) = *M/Gal(0). 

For ovcry Ei and E2 in Ma, we choose xe^ and XE2 in *X such that Ei = 
Cone(X, , Q;) and E2 — Cone(X, x^jj , a); then we define 

/^a{EuE2) = G&\{a*d{XE^,XE^)) 

Thus, we get a map : A^^ Gal(*IR) which is a galactic distance and we 
can consider the galactic space [Xa , , A„ ) . 

Definition 7. Given a scale a G *'S.*^, the (nonstandard) a-scaling of the metric 
space {X,d) is the galactic space {Xa,Sa,^a)- 

Hence, starting from a usual metric space {X, d), we get a family {Xa, Sa, Aa)ae*R^ 
of galactic spaces which are the different scaling of {X, d) . 

5.2 Let us now consider two scales a, /3 € such that (3 < a. Now, we want 
to compare the a-scaling and the /3-scaling of our metric space (X, d) . 

If {x,y) e *X^ is such that a*d{x,y) ~ 0, then (3*d{x,y) ~ 0. Therefore, there 
exists a natural surjective map 7r;3,„ : X„ Xp such that irp = Trp^a ° T^a- In 
the same way, if 7 G *W\ is such tliat 7 < /3 < a, then tt^^q, = Tr^^^g o irp^a- 

Theorems. The map TT^^a ^ / Oi) - contraction from the cx-scaling {Xa, Sa, Aq,) 
of {X,d) onto its P-scaling (X^,^^, A/3). 

In other words, the /3-scaling of {X,d) is a (/3/Q!)-contraction of its a-scaling. 
Consequently, insofar as we are only concerned by the structure of galactic space, 
we can define the /3-scaling of (X, d) using only its a-scaling. 

Proof. It is clear that tt/j „ is a surjective map from Xa to X^. Furthermore, if 
(, = '^a{x) and 77 = 7rQ,(y), then 

Sa{^,v) = st{a*d{x,y)) and 60{iT0,a{O^'^0,a{v)) = st{(3*d{x,y)) 
Therefore 

Si3{TTf3,a{0,'^P,a{v}) = st{{f3 / a) a*d{x, y)) 

hence 6,{n,A0,^^Av)) - [ ,t{j.A{CxAO,CxAri))) if 5a(^, ry) = +00 " 
In the same way, if E' = Cone(X, x, a) and F = Cone(X, y, a), then 

Af,{Trf,,a[E],nf,,a[F]) = Gal{/3*d{x,y)) = (P/a) • Aa{E, F) 

□ 
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From this, it results that the maps TT/j^a have all the properties of transitions 
stated in the preceding section. For instance, the limit of {Xa,Sa,^a) when 
a ^ in is a trivial galactic space. 

5.3 A new feature about the family of nonstandard scahngs of a metric space 
{X,d) is that the galactic spaces {Xa,Sa,^a) are defined for arbitrary large 
scale a G *M*^_. Then, a natural question is related to the existence of the limit 
of {Xa, Sa, Aq) when a +oo in *E^. 

Let us call a chain any family ^ = {^a)a£*w^ such that, for each a € *M.\ the 
element ^q, belongs to Xa and iTp,a{(,a) = S,p for each /? < a G 

Proposition 6. Let us consider two chains ^ = (^a)ae''R:5_ '^"'^ ^' ~ (^a)"^*:^ 
such that 7^ C- P'or every a e *R^, let Ea and E'^ be the metric components 
of respectively and ^„ in Xa ■ Then, there is qq G *IR'i_ such that, for every 
a > ao, we have SaiCa^Ca) = +oo. Furthermore, lim A^iEa, E' ) = +oo for 

a— >+oo 

the order topology on *M*^_ and Gal(*M). 

Proof. For each a. G *R*^, we choose Xa,x'a G *X such that na{xa) = 
and na{x'J = Ca- Since ^ ^ C, there is /? G *M+ such that Thus 
P*d{x0,x'^) 0. Let a a scale such that a > f3; since Tr0{xa) = T^0,a°'!^a{xa) = 
TTfs^Xis) and 7r^(x^) = irp^a ° T^aixa) = 7rfl(.Xq), we have l3*d{xa.,xp) ~ and 
(3*d{x'^,x'ij) ~ and thus (}*d{xa,x'a) 9^ 0. Hence, if we choose ao such that 
ao//3 — +00, we have for every a > ao 

^aiia.^'a) = &t(a*d{Xa, x'^)) = fit({a / 13) (3 *d{x a , x'^)) = +00 

Moreover, since lim Aa{Ea, E'^) = Gal{a*d{xa, x'^)) = Gal{{a/ f3)P *d(xa, x'^)) 

a — >+cxD 

we see that Aa{Ea,E'^) converges towards +00 in Gal(*M) when a — » +00 in 
*M+. □ 

The last result suggests that, if we want to find a limit for (Xq,, (5q,, A^) when 
a — > +00, we have to widen the category ^.r of galactic spaces. To this end, 
we introduce the category Qi^^ of generalized galactic spaces. The objects of this 
category are structures {X, S, A) where X is a set, ^ is a generalized distance on 
X and A is a generalized galactic distance on the set A4x of metric components 
of X for S. This last condition moans that A is a map Mx x Mx Gal(*IR);^ U 
{+(X)} which satisfies the general metric rule. In Qi-g^, a morphism from {X, 6, A) 
to {X',6',A') is a map f : X ^ X' such that there is a limited element 7 > 
in K so that the fohowing conditions are satisfied 

1. y{xi,X2) e X^ 5'{f{xi)J{X2)) < 15{XUX2) 

(thus, / induces a map / from the set Mx of metric components of X for 
6 to the set M.X' of metric components of X' for i5'); 

2. ^{EuE^jeMx"^ A'{f{Ei),f{E2))<^*A{Ei,E2). 

We denote by lim (X^Ja, A„) the inverse (or projective) limit of the fam- 

a — *+oo 

ily (7r/3,a)/3 < a G *k; of morphisms TTp,^ : {Xa,Sa,Aa) {Xf3,Sp,Ap) in the 
category If this limit exists, it is well defined up to an isomorphism. 
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Proposition 7. For each metric space {X,d), the limit lim {Xa,da, Ac) ex- 

ists and is equal to the pair ((Xqo, i5oo, Aoo), (7ra,oo)a:e»E+) where (Xqo, S^o, Aqo) 
is a generalized galactic space and (tTo oo)ae*K+ is a family of morphisms from 

(Xoo, iJoo, Aoo) to {Xa,Sa,Aa) SUck that 

• Xqo is the set of chains (families ^ = (^a)ae*R:5. ^'"'^^ ^^^^ ^" ^ ^« "^^^ 
a e *IR+ and 7r/3,a(Ca) = /or all jS < a G *K+;. 



«/e = r, 

+0O if^y^V 



«/C = r, 
-oc «/ ^ 7^ r? 



This result says that the limit of the a-scahng of {X, d) when a approaches +oo 
is a huge generaHzed galactic space in which the distance between two different 
points is +0O and the galactic distance between two different metric components 
is +0O. If *X denotes the nonstandard extension of X used in the construction 
of the scaling of {X, d) , we see that there is a natural map 

*X — > Xoo 
X I > iTTa{x))aG'R'^ 

which is clearly injective but we do not know if it is surjective. 

Proof of the proposition. We remark that the set of metric components of X^o 
is 

Mx^ = {{CI ; e e ^oo} 

It is clear that each tTjj^oo is a map Xoo Xa such that tt/j oo = T^(3,a ° T^a,oo 
whenever l3 < a G In an obvious way, Tr^.txi is a morphism of gener- 

alized galactic space (with a Lipschitz constant equal to 1 for instance) from 

(Xoo, l5oo, Aoo) to {Xa,Sa,Aa). 

Let {Y, d, D) be a generalized galactic space and {il^a)ae*«^+ be a family of mor- 
phisms ij)a from {Y,d,D) to {Xct,5a, Aa) such that V/S = ""/^.a ° for all 
/? < a e *R^. For each y G Y, the family tpoc{y) = (V-'a(?y))ae*K_ belongs 
to Xoo- Thus, we get a map V'oo : Y — > X^o which is the unique map which 
satisfies Va = Ti'a.oo ° i'oc for all a G *!R+. Let y and y' two points of Y such 
that ipoo{y) 7^ ipoo{y')- Hence, there is ao G *M+ such that ipaiy) 7^ V'a(y') for 
every a > Uq. For sufficiently large a, we see that 5a(,'4'a{y)i'>P<x{y') = +00 and 
thus d{y,y') = +00. Consequently, Voo induces a map ipoc '■ -My — ^ -Mx^- Let 
E,E' G My such that tfooiE) ^ ^oo(-B')- There are ^ ^ ^' e X^o such that 
TpociE) = and -ipooiE') = {^'}. For each a G *M+, there is a real number 
ka > such that _ _ 

A^{i;^{E),ij^iE'))<ka,DiE,E') 

and Aa{ipaiE),'ipaiE')) = Gal{a*d{xa,x'^)) where x^.x!^ are elements of *X 
such that 'Kaixa) = T^a,cc{^) and TTa{x[J = TTa^ooiO- Sincc G8l{a*d{xa,x'^)) 
is arbitrarily large in the ordered group Gal(*R) when a +00 and since ka 
is a real number, we deduce that D{E,E') = +00. Thus, ipoo is a morphism 
(Y, d, D) —>■ {X^o, Soo, Aoo) in the category of generalized galactic spaces. □ 
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5.4 We may think there is a hnk between the concept of Gromov-HausdorfF 
convergence and our notion on nonstandard scaling of a metric space. Firstly, 
let us recall what is the Gromov-Hausdorff distance [6]. Given two subsets A 
and of a metric space {Z, d), the Hausdorff distance between A and B in Z is 



where, for each subset C C Z, the set K(C) is the e-neighbourhood {x £ 
Z ; S{x,C) < e} of C. Then, the Gromov-Hausdorff distance doHiE, F) of 
two metric spaces E and F is the infimum of numbers d^{i{E), j{F)) for any 
{Z,i,j) such that Z is a metric space, i : E Z and j : F ^ Z are isometric 
embeddings. 

The Gromov-Hausdorff distance is not really a distance, mainly because there 
are non isometric metric spaces E and F such that dcH{E, F) = (for instance 
M and Q). This problem disappears in the collection of isometric classes of 
compact metric spaces. Nevertheless, we say that a sequence (En) of metric 
spaces (compact or not compact) converges toward a metric space F for the 
Gromov-Hausdorff distance if dcHiEn, F) converges to in when n +oo. 

Theorem 4. Let (A„) be a standard sequence of strictly positive real numbers 
such that lim„^+oo A„ = 0. // the sequence {X, Xnd) converges to a metric 
space {F,dp) for the Gromov-Hausdorff distance, then, for each infinitely large 
V G *N, the \v-scaling X\^^ of X is a galactic space isometric to the 1-scaling 



Proof. Firstly, we give a more convenient formulation of the Gromov-Hausdorff 
distance dcH{E,F) of two metric spaces {E,dE) and {F,dp): it is the infimum 
of the set of real numbers e > such that there exists a map S : E x F ^ IR+ 
checking the two following properties: 

1. the map d: {EUF)^ ^ R+ defined by 



is such that d{x, z) < d{x, y) + d{y, z) for every x, y and z in the disjoint 
union S H F of S and F, 

2. {\fx e E 3y e F S{x, y) < e) and {Vx e F 3y e E 5{y, x) < e). 

Now we return to the proof of the theorem. Prom the convergence hypothesis, we 
deduce that, there is a sequence (£„) of real numbers such that ZiTO„^+oo£n = 
and there is a sequence (J„) of maps from X x F to R+ such that, for all n G N: 

1. the map dn : {X H Ff M.+ defined by 



[ Sn{y,x) si {x,y) e F X X 

is such that dn{x,z) < dn{x,y) + dn{y,z) for every x, y and z in the 
disjoint union X 11 F of X and F, 



dff{A, B) := inf{£ G ; Ad Ve{B) and B C Ve{A)} 



Fi ofiFJp). 
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2. {yx e X 3y G F Sn{x,y) < e„) and {^x G F 3y G X dn{y,x) < 

Let ly be an infinitely large element of *N. Thus, we get a map Si, : *X x* F ^ *M. 
and a map : {*X U *F)^ *R such that 

{Xud{x,y) si {x,y) G 

dAx^y) si(.,,)G*F^ 

Oi,{x,y) si{x,y)e Xx*F 

d„{y,x) si {x,y) € *F x *X 

2. Vx, y, z e * X U*F di,{x, z) < d,y{x, y) + du{y, z), 

3. (Va; G *X 3y G *-F (5^(a;,y) ~ 0) and (Vx G 3y G *X 5^{y,x) ~ 0). 

Then, we consider the quotient set G := *XJ1*F/ for the equivalence relation 

If, for each x G *X II *F, we denote by [x] the equivalence class of x, we can 
define a generalized distance ^ on G such that 

V(.T, v) e (*X U *Ff Silx], [y]) = st{d„{x, y)) 

and a galactic distance A on the set A^g of metric components of G for 5 such 
that 

V(C, D) G Ml A(C, D) = Gal(d,(a;c, a;/))) 

where xc, .t/j arc any points in *XYL*F verifying [xc] G C and [x/j] G -D. Then, 
(G, (5, A) is a galactic space and the map 

*X — > G 
X I — > [x] 

induces an isometry between the A^-scahng of {X, d) and (G, 5, A). In the same 
way, the map 

' *F — > G 

x I — > [.t] 

induces an isometry between the 1-scaling of (Fjdp) and (G, 5, A). 

□ 
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